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a b s t r a c t

Abrasive particle movement pattern is an important factor in estimating the wear rate of materials, espe-
cially, as it is closely related to the burring, buffing and polishing efficiency of the abrasive flow machining
(AFM) process. There are generally two kinds of particle movement patterns in the AFM process, i.e.
sliding–rubbing and rolling. In mechanism, AFM particle–workpiece interaction is taking place in any
one or a combination of the possible modes: elastic/plastic deformation by grooving particle movement;
elastic/plastic deformation by rolling particle movement; chip formation (micro-cutting) by grooving
particle movement, ridge formation by grooving and rolling particle movement, and low-cycle fatigue
wear. Grooving particle movement pattern has a greater contribution to wear mass loss of workpiece
than rolling mode. Considering the machining efficiency of a machine part is predominantly dependent
upon its wear mass loss speed, it can be concluded that particle movement patterns are key parameters
to machining efficiency in AFM. In this paper, ellipsoidal particles are investigated to understand particle
movement patterns. An analytical model of ellipsoidal geometry to determine particle movement pat-
terns in AFM is proposed with given particle ellipticity, normal load, particle size and material hardness.
From the analytical model and particle movement pattern criterion proposed by the present authors, a
statistic prediction of particle movement patterns is completed by computer programmed by C++ lan-
guage. It is found that a seat position of ellipsoid is an easy grooving position for a particle and a large
ellipticity value predominantly increases grooving particle numbers. Smaller workpiece hardness, larger
particle radius and higher normal load promote grooving of the particles. Sharper particles are much
more easy to groove; moreover, grooving pattern will be predominant if particle ellipticity is below 0.8.
Increasing workpiece hardness tends to decrease grooving regime while other parameters are fixed in

AFM process. In three-body abrasion, hard material paired with soft material will result in more rolling
particles. Abrasive contour and material hardness in many variables are two predominant parameters to
give distinct influence on particle movement pattern.
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. Introduction

Abrasive flow machining (AFM) is an unconventional machin-
ng process. It can be used to produce difficult-to-reach surfaces
f workpieces. It is quite suitable to produce curved smooth
urfaces by burring, buffing and polishing procedure. Concerned
ith theoretical research in AFM process, there have been some

eports (Haan and Steif, 1998; Williams and Rajurkar, 1992; Davies
nd Fletcher, 1995). More meaningful researches have also been
one by several scientists (Gorana et al., 2006; Jain and Jain,

999, 2004; Gorana et al., 2004; Jain et al., 1999a,b). After care-
ul observation of AFM process, it is, then, noticed that abrasive
articles in suspended flowing medium have rolling tendency
esides sliding relative to workpiece surface. It is quite similar
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to a three-body abrasion process with strong particles sliding
tendency.

Williams and Rajurkar (1992) carried out AFM experiments and
concluded that material removal improves with pressure and vis-
cosity. Experimental results from Jain and Jain (1999) show that
material removal is governed by initial surface finish and work-
piece hardness. Based on two-body wear, Jain (1999) proposes
his mathematical model which includes the operation condition
parameters to explain wear in AFM. However, theoretical results
cannot match experimental data very well in surface roughness
variation. It can be found that the assumptions are somewhat
simple because abrasive particles are assumed to be sphere and
wear process is assumed to be cutting without plastic deforma-

tion. In the same year, Jain (1999) uses neural network approach to
investigate AFM, the approach has a progress in material removal
prediction in AFM, but it is only a learning model to predict
material removal from limited experimental data. It is the first
time to predict force from rheological medium in AFM when
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For a spherical particle where there is
L. Fang et al. / Journal of Materials Pro

orana et al. (2006) develop a two-body abrasive mathematic
odel to predict radial and axial force on a single abrasive parti-

le. In the model, plastic deformation is included. Unfortunately,
he predicted force does not vary with the piston pressure. It
as been shown that material removal increases with the piston
ressure and is highly dependent on the force acted on abrasive
articles.

Haan and Steif (1998) propose a model for predicting abrasive
ear due to slow flows of concentrated suspensions from rheolog-

cal viewpoints, which was presented for AFM wear mechanisms.
ear efficiencies are calculated and distributed in the range of 10−5

o 10−3, which is quantitatively similar to those measured else-
here for three-body wear by sheer coincidence. For AFM, abrasive
articles are carried by semi-solid medium with pressure. The par-
icles are constrained by the medium, but not completely. They
orm their own movement patterns. This feature makes AFM similar
o the three-body wear to some extent.

Three-body abrasion describes a wear process where wear parti-
les are not fixed and in loose conditions during working. Therefore,
wo-body abrasion is considered as a special case of three-body
brasion (Zhang et al., 2000). Two-body abrasion, then, devel-
ps if the relative positions of particles are fixed. The present
uthors have reported some research results on three-body abra-
ion from the angle of movement patterns of abrasive particles
Fang et al., 1991, 1992, 1993, 1998; Fang and Zhou, 1995). It has
een concluded from those researches that the movement pat-
erns for abrasive particles can be exactly defined as sliding and
olling.

In three-body abrasion, the morphology of worn surface
ecomes more complicated than that in two-body abrasion. The
orn surface sometimes shows a lot of repeated plastic defor-
ation characteristic (Fang et al., 1992, 1998; Fang et al., 1993;

ang and Zhou, 1995). That kind of surface characteristic is def-
nitely not caused by grooving particles. When wear parameters
re changed to some values range the worn surface can also
how the grooving morphology, which, of course, is not caused
y rolling particles (Fang et al., 1992; Fang and Zhou, 1995). The
ovement patterns of abrasive particles, therefore, determine the
orphology of worn surface, which reflects the change of wear
echanism.
Most theoretical models for abrasive wear of a plastic material

ssume a single, non-rotating two-dimensional indenter (Ronen
nd Malkin, 1981). There are very few models for three-body abra-
ion, in which the particles are free to roll within the contact
egion, probably because of the complexity of the process. Misra
nd Finnie (1981) introduced a further subdivision into ‘open’ and

closed’ abrasion. Open three-body wear occurs when loose abra-
ive particles are in contact with one surface, for example, in the
ow of particles in chutes and hoppers. Closed three-body wear
ccurs when loose abrasive particles are trapped between two slid-
ng surfaces. In AFM process, the particles are only in contact with
ne surface, but not trapped, because other “surfaces” are rheo-
ogical media and abrasive particles themselves. In most models
or three-body abrasive wear, the particle is assumed round or
pherical. In reality, abrasive particles are always in complicated
eometry. Stachowiak and Stachowiak (2001) use spike parameter
uadratic fit (SPQ) to characterize three-body abrasion. It is, how-
ver, difficult to predict particle movement using that parameter at
resent.

In the present paper, an ellipsoidal particle is assumed as the
rst approximation to simulate various real particle contours. Of

ourse, that approximation is very simple, but it can characterize
he particle movement pattern in AFM or three-body abrasion. To
redict the movement patterns of particles, normal load, particle
ize, material hardness and particle ellipticity are investigated in
his investigation.
Fig. 1. Schematic of forces on an ellipsoidal abrasive particle in AFM.

2. Equivalent circle approach in evaluating the movement
of ellipsoidal particles

2.1. Modeling sphere particle to evaluate movement pattern

Fig. 1 shows the sum of forces acted on a moving ellipsoidal
particle. Point A is assumed as a central contact point of distributed
forces on the particle by a surface, and point O, the centroid of the
ellipsoidal particle. The normal load acting on the particle is N1
and the friction force exerted by the surface is F1, by the surface,
separately. F2 is the horizontal drive force and N2 is the normal force
exerted by the medium or other particles. v is particle movement
direction, and D indentation depth. For simplicity, N2 and F2 are also
assumed acting on the centroid of the ellipsoidal particle although
the point has some variations. The difference is quite small in AFM.
From the previous work by the present authors there exists also
equilibrium by the relations

F = F1 = F2 (1)

and

N = N1 = N2 (2)

Here a driving torque moment F·h and a resistant torque N·e are
defined. When F·h is less than N·e, that is,

F · h < N · e (3)

the particle will groove the surface, and on the contrary, that is true
for rolling particle. From the definition of friction coefficient, that
is, � = F/N, above expression (3) becomes

�s ≤ e

h
(4)

where �s is the particle grooving friction coefficient. For rolling
particle the following is obtained

�r ≥ e

h
(5)

where �r is the particle rolling friction coefficient.
From the previous work by the present authors, a criterion

applied to predict the movement pattern of particles is

e

h
≥ �s = �k (for grooving particle) (6)

e
< �r < � (for rolling particle) (7)
e = 4
3�

(r1 + r2) (8)

h = 2
3

(
r1 sin3 ˛1

˛1 − sin ˛1 cos ˛1
+ r2 sin3 ˛2

˛2 − sin ˛2 cos ˛2

)
(9)
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Fig. 2. Schematic illustration of force analysis on an abrasive particle.
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Fig. 3. Geometric parameters of a half sphere used for calculating �k .

e

h
= 2P

�2R2H1
· �1/2

1 + �1/2
2

�3/2
1 + (H2/H1)�3/2

2

, �1 =
[

1 −
(

1 − P

�R2H1

)2
]

,

�2 =
[

1 −
(

1 − P

�R2H2

)2
]

(10)

k = F

N
=

(2�r − sin 2�r) + 4�
∫ �r

0

∫ �/2
0

(sin �(cos2 ϕcos2 � + sin2 ϕ)

� sin2 �r − 4�
∫ �r

0

∫ �/2
0

(cos ϕ cos � sin2 �/
√

cos2

It can be seen from Eq. (10) that e/h is controlled by normal load
, particle size R, surface hardness H1 and H2. Besides, it has also
entioned before that e/h is also related to geometric parameters of

article itself. The e/h is, therefore, a systematic parameter related
o whole wear system. Other parameters in above equations can be
ound in Figs. 2 and 3.

.2. Modeling ellipsoidal particle using equivalent circle approach
o evaluate movement pattern

In real world an abrasive particle always behaves irregular in
eometry. However, it should have a statistical discipline. In this

esearch an ellipsoidal particle is assumed as the first approxima-
ion. To illustrate the ellipsoidal particle movement pattern in AFM,
circle approximation approach is used at first to get indentation

nd contact point position as shown in Fig. 4. For simplicity, an
quivalent circle approach is used in which two-dimensional anal-
os2 ϕ cos2 � + sin2 ϕ) d� dϕ

s2 � + sin2 ϕ) d� dϕ
(11)

Fig. 4. Parameters of ellipsoidal abrasive particle cross-section using a spherical
approximation method.

ysis is applied. A circle and an ellipsoid are overlapped together
to make the circle particle boundary coincident with the ellipsoid
at the geometric lowest point S and the contact point of the circle
Q with surface also coincident with that of the ellipsoid as shown
in Fig. 4. In Fig. 4, a separated angle is defined as rotation angle of

ellipsoid � between the center of a circle point O and the center of
ellipsoid O′. A becomes a working point of resultant force N1 and F1
for the circle. r is the radius of the circle and � is the center distance
of the circle and ellipsoid. Thus, the resultant forces, i.e. N1 and F1
of the circle can be approximately considered equal to that of the
ellipsoid.

Because e/h value for the equivalent circle can be easily got from
expressions (8)–(10), the e/h for the ellipsoid can be directly got by
following equations{

eE = eC + � cos �
h = h + � sin �

(12)

E C

where eE is a horizontal distance of the ellipsoid centroid, eC a hor-
izontal distance of the circle centroid, hE a vertical distance of the
ellipsoid centroid and hC is a vertical distance of the circle centroid.
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Fig. 5. Relationship between e/h and �k with varying rotation ang

In order to predict the movement patterns of the ellipsoidal par-
icle in a given condition, a program using VC++ language platform
s compiled. Materials used in the prediction are AISI 1080 steel
294 MPa BNH), AISI 1045 steel (182 MPa BNH), AISI 1020 steel
111 MPa BNH) and pure copper (72 MPa BNH), separately. Long
emi axis a of ellipsoid is chosen as 0.10, 0.11, 0.12, 0.13, 0.14 and
.15 mm individually. The normal load P was 0.1, 0.2, 0.3, 0.4, 0.5,
.7 N individually. Ellipticity b/a is 0.6, 0.7, 0.8, 0.9 and 1.0 indi-
idually. Rotation angle � was 0◦, 15◦, 30◦, 45◦, 60◦, 75◦ and 90◦

ndividually. The adhere coefficient � between the particle and sur-
ace must be got at first when calculating �k by expression (11).
aussian integration method is used to solve integrals in expres-
ion (11) to get �k. Hisakado et al. (1987) used pyramid indenter
f diamond to scratch steel and copper. In his calculation of adhere
oefficient � = 0.12 which can be substituted into his friction coef-
cient �k expression. The theoretical data matches experimental
alues quite well in his work, therefore, the present authors also
orrow the value � = 0.12 in the present calculations.

.3. Movement prediction of two-dimensional ellipsoidal particle
elative to rotation angle

Fig. 5 shows the curves of e/h and �k of ellipsoidal particle
or pure copper with a = 0.15 mm, and b/a = 0.8. It is shown from
ig. 5 that the intersection point of e/h and �k move towards
o large angle � value with increasing normal load P. In expres-
ion (6) and (7) of particle movement criterion, the part of data
/h becomes regime of particle grooving. By comparing the three

�k = F

N
=

(2�r − sin 2�r) + 4�
∫ �r

0

∫ �/2
0

(b/a sin �(co

−(b2/a2)sin2 �))/
√

cos2 ϕcos2 � + (cos

� sin2 �r − 4�
∫ �r

0

∫ �/2
0

(cos ϕ cos �(b2/a2)sin2 �/
√

cos2
urves in Fig. 5 particle grooving probability increases with increas-
ng normal load P. When parameters are defined by P = 0.5 N,
= 0.15 mm, and b/a = 0.8 with changing material hardness, the
article grooving probability tends to decrease with increas-
n different normal load. (a) P = 0.1 N, (b) P = 0.5 N, and (c) P = 0.7 N.

ing materials hardness with the similar principle as shown in
Fig. 6.

It can be concluded from Figs. 5 and 6 that e/h always keeps
the largest at � = 0◦, where �k keeps the minimum, vice versa.
It means abrasive particles have their largest grooving tendency
in their seating position. Because of the principle of energy min-
imum, it is believed that every particle tends to be rotated to its
seat position before it grooves surface steadily. Therefore, in the
following sections the movement pattern model of oblate sphere
is proposed and discussed in the seat position. The movement pat-
tern prediction of oblate sphere using seating position belongs to a
conservative estimation for grooving particle.

3. Oblate sphere approach in evaluating the movement of
ellipsoidal particles

3.1. Modeling oblate sphere particle to evaluate movement
pattern

Ishizuka (1977)’s �k model is only capable to be used in ideal
sphere geometry. In order to be applied to an oblate sphere par-
ticle, a mapping transformation technique for oblate sphere space
is utilized. In that technique, the short semi-axis of oblate sphere
is multiplied a coefficient and let it equal to the long semi axis.
Finally, an oblate sphere in Cartesian coordinate is transformed to
ideal sphere system and Ishizuka’s �k model can be reasonably
used. The detailed process can be provided in Appendix A. �k of
oblate sphere particle in seat position is shown in Eq. (13).

cos2 � + (cos2 �sin2 ϕ/1

n2 ϕ/1 − (b2/a2)sin2 �))d�dϕ

2 � + (cos2 � sin2 ϕ/1 − (b2/a2)sin2 �))d�dϕ
(13)
3.2. Movement prediction of oblate sphere particle in AFM

Different parameters, such as, normal load, particle size and
hardness are used in the prediction to investigate response of par-
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ig. 6. Relationship between e/h and �k with varying rotation angle � with different hard

icle movement patterns. Three-dimensional surface figures are
rawn to explain particle movement tendency with varying param-
ters, such as, normal load P and semi-major axis a. Fig. 7 shows the
nfluence of normal load P and long semi-axis length a on e/h and

ig. 7. Relationships of e/h, �k to normal load P and semi-major axis length a with differe
/a = 0.9, and (c) b/a = 1.0. (For interpretation of the references to color in this figure legen
ness in AFM process. (a) Pure copper, (b) AISI 1045 steel, and (c) AISI 1080 steel.

�k in seat position of oblate sphere particles for AISI 1045 steel.
It is explained from Fig. 7 that both e/h and �k increase with nor-
mal load P. The larger the semi-major axis length a, the smaller the
e/h and �k. It is concluded that grooving regime is reduced with

nt ellipticities in AFM process (e/h in grey color and �k in red color) (a) b/a = 0.8, (b)
d, the reader is referred to the web version of the article.)
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ig. 8. Relationships of e/h, �k to normal load P and semi-major axis length a for d
b) AISI 1045 steel, and (c) AISI 1080 steel. (For interpretation of the references to c

/a increasing to one if three figures in Fig. 7 are compared. When
/a = 0.8, the particles with a smaller normal loads and larger sizes
end to rolling in Fig. 7(a) and the particles with a larger normal
oads and smaller sizes tend to grooving when b/a = 1.0 in Fig. 7(c).

Fig. 8 shows the influence of normal load P and semi-major
xis length a on e/h and �k when b/a = 0.9 in the seat position of
blate sphere particles. It is shown from Fig. 8 that grooving regime
ecreases with increasing material hardness. The particles tend to
olling at smaller loads and larger sizes for soft materials, such as,
ure copper. While the particles grooves at larger loads and smaller
izes for hard materials like AISI 1080 steel as shown in Fig. 8(a)
nd (c).

. Evaluation of the movement of ellipsoidal particles in
hree-body abrasion

Above approach can be easily extended to particle movement
attern evaluation in three-body abrasion process. In three-body
brasion particles are embedded between two relative moving sur-
aces and contacted with both surfaces. The previous e/h value for
FM is different for three-body abrasion. The difference is that

here are two matched surfaces in three-body abrasion, compared
o AFM process. Hence, the movement patterns of ellipsoidal par-
icles are also necessary to be evaluated for two matched surfaces
ith different hardness.

Fig. 9 shows the influence of normal load P and semi-major axis

ength a on e/h and �k in seat position of ellipsoidal particles for
hree material pairs with different hardness. With increasing mate-
ial hardness of one surface, particle grooving regime decreases as a
hole. Comparing the three figures in Fig. 9, larger particle sizes are

eneficial to increase the regime of grooving than smaller particles.
t materials in AFM process (e/h in grey color and �k in red color) (a) pure copper,
this figure legend, the reader is referred to the web version of the article.)

5. Discussion

From Figs. 5–8, it can be seen that particle movement pattern
of AFM is influenced by parameters, such as, material hardness,
normal load, particle size, ellipticity, etc. By careful comparison
of the data, decreasing material hardness and increasing normal
load result in grooving regime. It has been shown from AFM tests
by Jain et al. (1999a,b) that greater extrusion pressure and lower
workpiece hardness increase the machining efficiency. The result
matches our prediction very well. The ellipticity of the particles
can be approximately borrowed as a parameter of roundness. It is
thought to be reasonable that much sharper particles use smaller
ellipticity values. In AFM process, particles are used as a cutting
tool. As machining time increases, sharp particles always become
blunt so that it causes work efficiency deteriorated. As our calcula-
tions as shown in Fig. 7, ellipticity is a predominant monitor to give
a strong influence on particle movement patterns. With increasing
b/a varied from 0.8 to 1.0, almost all particles which are in grooving
regime in b/a = 0.8 are changed to rolling regime in b/a = 1.0.

The influence of particle size on movement patterns is also clear.
In our calculations, larger particle sizes are generally beneficial to
enlarge the regime of grooving as indicated in Figs. 7–9. That result
should be consistent with AFM experimental data. In AFM process,
the larger the particle sizes, the more the work efficiency When par-
ticle sizes in medium are increased it always improves the work
efficiency although the roughness of workpiece is not satisfied.

Therefore, a medium with fine particles is often replaced in this case
to smooth the surface of workpiece. As for viscosity of medium, an
AFM process with a larger medium viscosity will definitely increase
the extrusion pressure, which makes particles locate in grooving
regime. Finally, the cutting efficiency of AFM is improved.
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ig. 9. Relationships of e/h, �k to normal load P and semi-major axis length a for
36-A36, (b) A36-AISI 1045, and (c) A36-AISI 1080. (For interpretation of the refere

In three-body abrasive wear, hard material paired with soft
aterial will result in more rolling particles as shown in Fig. 9.

t is therefore imaged that the total wear loss may be decreased in
his case, compared to the material pairs of A36/A36 and A36/AISI
045, respectively.

. Conclusions

1) A criterion for ellipsoidal particle movement patterns is pro-
posed in abrasive flow machining process. Parameters such as
workpiece hardness, particle size, normal load, and ellipticity
are directly related to wear and finally control particle move-
ment patterns.

2) Ellipsoidal particles behave grooving and rolling in abrasive
flow machining process. Smaller workpiece hardness, larger
particle radius and higher normal load promote grooving of
the particles. Sharper particles are much more easy to groove;
moreover, grooving pattern will be predominant if particle
ellipticity is below 0.8.

3) Increasing workpiece hardness results in decreasing grooving
regime while other parameters are fixed in AFM process. In
three-body abrasion hard material paired with soft material
will result in more rolling particles.

4) The present prediction using the particle movement criterion
is in good agreement with AFM experiments.

omenclature
semi-major axis length of ellipsoidal particle (mm)
semi-minor axis length of ellipsoidal particle (mm)

/a ellipticity of ellipsoidal particle
particle indentation depth (mm)
ent material pairs when b/a = 1.0 in three-body abrasion (grey – e/h, red – �k) (a)
color in this figure legend, the reader is referred to the web version of the article.)

e horizontal distance between normal loads (mm)
ec a horizontal distance of the approximated circle centroid

(mm)
ee a horizontal distance of the ellipsoid centroid (mm)
F friction force (N)
F1 friction force acted on particle by workpiece surface (N)
F2 friction force acted on particle by suspended medium (N)
h normal distance between friction forces (mm)
hc a vertical distance of the approximated circle centroid

(mm)
he a vertical distance of the ellipsoid centroid (mm)
H Brinell hardness (MPa)
H1 surface 1 hardness (MPa)
H2 surface 2 hardness (MPa)
N normal load (N)
N1 normal load acted on particle by workpiece surface (N)
N2 normal load acted on particle by suspended medium (N)
P normal load on spherical particle (N)
R particle radius (mm)
r1 half the width of indentation for surface 1 (mm)
r2 half the width of indentation for surface 2 (mm)
r radius of the approximated circle (mm)
� friction coefficient
�s particle grooving friction coefficient
�r particle rolling friction coefficient
˛1 contact angle related to surface 1 (◦)
˛2 contact angle related to surface 2 (◦)
�1 parameter related to surface 1
�2 parameter related to surface 2

�k friction coefficient causing material yield during particle

grooving
� angle of unit plane to y axis for a semi-sphere surface (◦)
ϕ angle of unit plane to x axis for a semi-sphere surface (◦)
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x2/r2 + y2/(r2 − z2)) d� dϕ

+ y2/(r2 − z2)) d� dϕ
(A5)

i

�

os2 ϕ cos2 � + (cos2 � sin2 ϕ/1

s2 � sin2 ϕ/1 − (b2/a2)sin2 �)) d� dϕ

cos2 � + ((cos2 � sin2 ϕ)/(1 − (b2/a2)sin2 �))) d� dϕ
(A6)

A
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hardness can be expressed as

D = P

�RH
(C1)
L. Fang et al. / Journal of Materials Pro

r angle of point coordinate of equator to y axis for semi-
sphere (◦)
center distance of the circle and ellipsoid (mm)
rotation angle of the ellipsoidal particle (◦)
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ppendix A. Derivation of �k model in ellipsoidal
oordinate system

In sphere coordinate system there is:

x = r cos � cos ϕ, (−�/2 ≤ � ≤ �/2)
y = r cos � sin ϕ, (0 ≤ ϕ < 2�)
z = r sin �.

(A1)

nd in rotating ellipsoid coordinate system there is:

x = a cos � cos ϕ, (−�/2 ≤ � ≤ �/2)
y = a cos � sin ϕ, (0 ≤ ϕ < 2�)
z = b sin �.

(A2)

Assume

′ = a

b
· z = a · sin � (A3)

A sphere coordinate system (A4) contains x, y, z′ was obtained
y combining (A2) and (A3),

x = a cos � cos ϕ, (−�/2 ≤ � ≤ �/2)
y = a cos � sin ϕ, (0 ≤ ϕ < 2�)
z′ = a sin �.

(A4)

Cartesian coordinate system expression of �k was obtained as:

k = F

N
=

(2�r − sin 2�r) + 4�
∫ �r

0

∫ �/2
0

(z/r · (x2/r2 + y2/(r2 − z2))

� sin2 �r − 4�
∫ �r

0

∫ �/2
0

((x/r) · (z2/r2)/
√

x2/r2

Combine (A3), (A4) and (A5), ellipsoidal particle �k expression
n ellipsoid system was obtained:

k = F

N
=

(2�r − sin 2�r) + 4�
∫ �r

0

∫ �/2
0

(b/a sin �(c

−(b2/a2)sin2 �))/
√

cos2 ϕ cos2 � + (co

� sin2 �r − 4�
∫ �r

0

∫ �/2
0

(cos ϕ cos �(b2/a2)sin2 �/
√

cos2 ϕ

ppendix B. Expressions of key points coordinates of an
llipsoidal particle using sphere approximation
Above two figures showed the geometric parameters in the
phere approximation. In the two figures, two coordinate systems
g Technology 209 (2009) 6048–6056 6055

x–y and X–Y are created for numerical calculation. Here are expres-
sions for key points. Point coordinates in x–y coordinate system:

A : (−ec, −hc); e1 = 4
3�

(r1 + r2);

h1 = 2
3

(
r1 sin3 ˛1

˛1 − sin ˛1 cos ˛1
+ r2 sin3 ˛2

˛2 − sin ˛2 cos ˛2

)

Q : (−
√

r2 − (r − D)2, −r + D);
S : (0, −r);

Above coordinates can be obtained in X–Y coordinate system
through relationship between x–y and X–Y coordinate systems.
Assume coordinates of a random point in x–y can be expressed as
(xa, ya), and in X–Y (Xa, Ya), there can be relationship:{

Xa = � · cos � + xa · cos � + ya · sin �
Ya = � · sin � + xa · sin � − ya · cos �

Expression of r:

r = L

sin(2 · arctg D/L)

Appendix C. Expressions of e/h of a sphere particle model

In Fig. 2, the radius of a sphere particle is R, the hardness of sur-
face 1 H1, the hardness of surface 2, H2 and normal load P. The elastic
deformation relative to plastic deformation is quite less and can
be ignored. The relation of indented depth of particle D to surface
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It is considered that load acted on the contact area is equally
istributed. Considering actual contact surface geometry, it is
iven

= 4
3�

(r1 + r2) (C2)

here r1, r2 is the half the width of indentation for surfaces 1 and
, separately as shown in Fig. 2. Thus

= 2
3

(
r1 sin3 ˛1

˛1 − sin ˛1 cos ˛1
+ r2 sin3 ˛2

˛2 − sin ˛2 cos ˛2

)
(C3)

here ˛1, ˛2 is the contact angle related to surfaces 1 and 2,
eparately. Because D � R, that is, ˛1 and ˛2 are quite small.
rom the expanded expression of Taylor series, there are ˛1 ≈ r1/R
nd ˛2 ≈ r2/R. Substituting into expression (C3), the following is
btained

= 2
3R

(
r3
1

D1
+ r3

2
D2

)
(C4)

Finally, substituting Eq. (C1) into Eqs. (C2) and (C4) separately,
he following is obtained

e

h
= 2P

�2R2H1
· �1/2

1 + �1/2
2

�3/2
1 + H2

H1
�3/2

2

(C5)

here

1 =
[

1 −
(

1 − P

�R2H1

)2
]

(C6)

2 =
[

1 −
(

1 − P

�R2H2

)2
]

(C7)
It can be seen from Eq. (C5) that e/h is controlled by normal load
, particle size R, surface hardness H1 and H2. Besides, it has also
entioned before that e/h is also related to geometric parameters of

article itself. The e/h is, therefore, a systematic parameter related
o whole wear system.
g Technology 209 (2009) 6048–6056
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